The boson-fermion model, describing a mixture of fermions and bosons is analyzed on a small, two-site lattice. The model includes all the on-site Coulomb-type interactions between bosons, between fermions and between fermions and bosons. Additionally, the Hamiltonian includes a term that describes a conversion of a pair of opposite-spin fermions into a boson and vice versa. We show how this conversion depends on the model parameters.
Introduction
A simple quantum mechanical problem of a particle in a double-well potential becomes a non-trivial challenge when the number of particles increases and a mixture of fermions and bosons is allowed [1] . The problem can be further complicated by taking into account the possibility that a pair of fermions is converted into a boson and vice versa [2] . Next, such dimers can be coupled to form an array of double-well potentials, which would lead to an extremely rich behavior.
The recent advances in laser technology allow for experimental realization of not only a single double-well potential, but an array of coupled double-wells [3] . One-, two-and three-dimensional double-well optical lattices can be constructed [49] . When tunneling between the local double-well potentials is negligible compared to tunneling inside the double-well potential, the system can be described as an assemble of individual independent two--site lattices (dimers). Apart from the possibility of an experimental realization in optical lattice, such a small system usually does not constitute a very realistic system; however, dimer calculations have an illustrious history for providing insight into models [1012] .
The conversion of fermionic pairs into bosons has been postulated in the negative-U scenario of the high-T c superconductivity [2] . More recently, it has been demonstrated that the Feshbach resonance [13, 14] and the stimulated Raman adiabatic passage process [1517] can be used to produce bosonic diatomic molecules in the ground state by tightly binding fermionic atoms. The eciency of the molecule production was proven to be strongly dependent on the interactions present in the system [18, 19] .
Therefore it is important to take all of them into account while studying the properties of the FermiBose mixtures.
In this paper we address the problem of mixtures of interacting fermions and bosons in a double-well potential.
We start with a system described by the FermiBose * corresponding author; e-mail: maciek@phys.us.edu.pl Hubbard model on a single dimer. Next, we add to the Hamiltonian the term responsible for an exchange of a pair of opposite-spin fermions into a hard-core and soft--core boson. We study the ground state as a function of the model parameters. In particular, we are interested in the process of the fermion-boson exchange.
The fermion-boson model on a dimer
We start our analysis from a fermion-boson model in a double-well potential. The system is described by the following Hamiltonian:
Here, c † The states of the entire system are described by the coecients α ij :
2.1. The case of g = 0
We start our study in a limit where pairs of fermions cannot be converted into bosons (g = 0). The system has been diagonalized in subspaces with 0, 1, 2, 3 and 4 fermions and 4 bosons. In the absence of fermions the ground state is entirely dened by the strength of the inter-boson interaction U bb . For U bb > 0 in the ground state there are N f /2 bosons at the left site and the same number at the right site. In the limit of strong inter--boson repulsion we have
However, if the interaction becomes suciently negative (U bb −1), the ground state evolves into the Schrödinger cat state in the form of a superposition of states with all bosons at the left site and all bosons at the right site. In the limit of a strong attraction the ground state is given by
The evolution of the ground state as a function of U bb is shown in Fig. 1 . This plot shows coecients |α j | 2 dened Next, we introduce fermions to the system. The ground states for all allowed numbers of fermions are presented in Fig. 2 . Here, |α ij | 2 are presented for U ff = 2, U bb = 0.1 and U bf = 4. In the case of spin degeneracy only one of the equivalent states is presented. 0 1 2 3 4 number of bosons on site 2
number of fermions 
Such a conguration in a bulk system would correspond to a superposition of two equivalent chessboard states, where fermions occupy one sublattice and bosons the other one [22, 23] .
A similar behavior can be observed for a larger number of bosons. Figure 3 shows the ground state for 0÷4
fermions and 50 bosons. Also in this case the cat-like nature of the ground state is most pronounced for N f = 2. 
number of fermions In Fig. 4 we see that the fermionboson conversion is strongly dependent on the coupling g. constraint for the bosons. Figure 7 shows the results for U ff = 0.5 and U bf = 7. According to the results presented in Fig. 6 , for U ff > 0 in the absence of the inter--boson interaction (i.e., for U bb = 0) the ground state has a purely bosonic nature. Then, with increasing U bb the bosons are converted into fermions. In analogy to the case of hard-core bosons, this process is abrupt for g = 0 and smooth for g = 0. For a small g the number of bosons tends to 0 for a large U bb . However, for a suciently strong bosonfermion coupling g, there is one boson and two opposite-spin fermions in the ground state in the large-U bb limit.
3. Summary and outlook While the present results cannot be directly applied to real systems in a double-well optical potential, they can be easily generalized to a larger, experimentally accessible, number of bosons. Another extension, interesting from experimental point of view, would be to take into account the inter-dimer coupling. For a few coupled dimers, exactly the same exact diagonalization approach can be applied. In a case of a larger number of weakly coupled dimers one can use the present method to nd the exact eigenstates of a single dimer and then use the cluster perturbation theory to study an array of coupled dimers [24, 25] .
